Abstract: Non-perturbative D-brane instanton effects in 4d N = 1 string compactifications can be geometrized in terms of a backreacted generalized geometry. We extend earlier results to setups in which the D-brane instanton is charged under the 4d gauge symmetries, and show that the backreacted topology yields the correct charged field theory operators in the 4d effective action. In type IIA models with D6-branes, the backreaction of D2-brane instantons forces the recombination of D6-branes, such that the 4d charged field theory operators arise from basic worldsheet instantons in the backreacted geometry. We provide large classes of examples of D2-brane instanton effects on intersecting D6-brane systems in local models mirror to D3-branes at singularities. The backreacted geometry and the field theory operators are easily encoded in terms of simple operation in the graphs arising from the underlying dimer diagrams. This description agrees, in the appropriate cases, with the complex deformations triggered by certain fractional branes at the bottom of duality cascades.
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Introduction
Non-perturbative effects in string theory are at the core of a fascinating interplay between formal developments (see e.g. [1] [2] [3] [4] ) and phenomenological applications, e.g. in moduli stabilization [5, 6] . These non-perturbative effects include field theoretical gauge instantons, as well as genuinely stringy ones such as D-brane instantons. Recently [7] succeeded in reformulating the non-perturbative potentials from the latter in the language of 3-forms of [8, 9] (see also [10] [11] [12] [13] [14] [15] [16] for recent applications). This follows from considering the modification of the geometry due to the instanton backreaction in the spirit of [17, 18] . Specifically, the backreaction modifies the topology of the compactification space, producing additional 3-forms, whose coupling to the corresponding axion produces the non-perturbative potential.
In string compactifications with 4d gauge sectors arising from D-branes, some of these axions are gauged by the U (1) symmetries. In those cases, the D-brane instantons produce 4d effective couplings violating the (perturbatively exact global) U (1) symmetries. In the language of type IIA D2-brane instantons in compactifications with 4d gauge sectors from D6-branes, this can be understood microscopically as follows. The insertions corresponding to the 4d charged fields in the effective operator induced by the instanton amplitude, arise form the saturation of charged instanton fermion zero modes arising from open strings at intersections between the D2-brane instanton and the 4d gauge D6-branes [19] [20] [21] , see [22, 23] for reviews. The required coupling of fermion zero modes to 4d charged fields is mediated by a world sheet instanton bounded by the D2-and D6-branes.
There is a large set of scenarios exploiting this mechanism (or its dual versions). For instance, they can generate neutrino masses [19, 20] (see also [24] ), Yukawa couplings [25] , the µ-term in SUSY extensions of the Standard Model [26, 27] , or be crucial in SUSY breaking [28] [29] [30] or its mediation [31] , as well as in rare processes [32] [33] [34] [35] (see [22, 23] for reviews of these and other applications). Achieving these effects typically requires introducing orientifold projections to remove additional fermion zero modes associated to the otherwise underlying N = 2 supersymmetry, see [24, 36, 37] and [22, 23] for reviews.
A natural question is thus the description of the backreaction of D-brane instantons in these systems with 4d gauge D-branes, and the mechanism by which the backreacted geometry manages to produce the corresponding charged field theory operators in the 4d effective action. This is the the subject of the present paper.
In short, in type IIA language, the instanton backreaction produces a change in the topology of the compactification space, in which the instanton cycle becomes trivial, and any cycles intersecting it acquire a boundary. In particular, the gauge D6-branes formerly intersecting the D2-brane instanton acquire a boundary, and must necessarily recombine among themselves to form actual wrapped D6-branes in the backreacted geometry. In this process, the intersections between the gauge D-branes and the D-brane instanton disappear, and so do the charged instanton fermion zero modes. Finally, the original worldsheet instantons supported by the gauge and instanton D-branes, and mediating the coupling of charged fermion zero modes and 4d charged fields, become worldsheet instantons supported, in the backreacted geometry, by just gauge D6-branes, yet producing the same 4d charged field operators in the effective action.
We consider this proposal in the large class of models corresponding to (type IIA mirrors of) D3-branes at toric singularities, and provide a simple combinatoric recipe to obtain the backreacted geometry and recombined gauge D-branes. This provides a new kind of geometric transition for systems of branes at singularities, which reduces to the familiar Klebanov-Strassler type gauge/gravity dualities for brane systems admitting complex deformations of the underlying geometry. Other geometric transitions relate to non-CY geometries, which still seem to admit a simple combinatoric description.
The paper is organized as follows. In Section 2 we review D-brane instantons, both from the open string perspective in section 2.1 and from the backreaction viewpoint in section 2.2. In Section 3 we describe the backreaction description of instantons charged under 4d gauge symmetries: in section 3.1 we show that the non-perturbative backreaction forces the recombination of the gauge branes formerly intersecting the instanton. In section 3.2 we provide a topological derivation, based on the Freed-Witten conditions, of the appearance of worldsheet instantons dressing the D2-brane instanton intersected by D6-branes, and show it also explains the appearance of charged field theory operators in the backreaction picture. In section 3.3 we study several generalizations, including non-abelian gauge symmetries, and argue that the backreaction picture implies a sum over brane recombination geometries.
In Section 4 we turn to presenting explicit realizations in terms of systems of D3-branes at singularities, or rather their type IIA mirrors, described using dimer diagrams. These are reviewed in section 4.1. In section 4.2 we introduce the D-brane instantons we consider and their properties and in section 4.3 we provide the graphical recipe to describe the backreacted geometry, the D6-brane recombination and the 4d charged field theory operator produced. In section 4.4 we present some illustrative examples of this technique, for single instantons, and generalize to non-compact instantons in section 4.5, and to multi-instanton effects in section 4.6. In Section 5 we consider instantons whose backreaction corresponds to complex deformations of the toric singu-larity and relate them to the deformation fractional branes producing duality cascades generalizing the Klebanov-Strassler conifold. Some generalities are discussed in section 5.1, and concrete examples are provided in section 5.2. We provide some final remarks in section 6.
Review of instantons
The open string story
In string theory, euclidean p-branes wrapped on (p + 1)-cycles lead to non-perturbative instanton effects. The best understood set of such effects corresponds to wrapped Dbrane instantons, for which a microscopic description can be obtained in terms of open string sectors. In the following we sketch their structure, and their role in the induced terms in the 4d effective action, in 4d N = 1 type IIA CY compactifications with D6-branes on intersecting 3-cycles [38, 39] , see [23] for a review.
Recall that before the introduction of the instantons, each stack of N a D6-branes wrapped on a 3-cycle Π a leads to a gauge factor U (N a ), and the D6 a -D6 b open sectors produce I ab chiral fields in the bifundamentals ( a , b ), for all a, b, with
being the topological intersection number. Although O6-planes are often present (and in fact, are necessary for globally preserved supersymmetry), we omit the corresponding refinement of the discussion, as it will not be ultimately needed for our later purposes.
Upon introduction of a D2-brane instanton on a 3-cycle Π 3 , there are D2-D2 and D2-D6 a open string sectors, which in particular produce the instanton zero modes over which we should integrate. In the D2-D2 sector, the most relevant is a universal set of four bosonic zero modes x µ , defining the instanton position in 4d, and two goldstinos θ α of the 4d supersymmetries broken by the instanton. Integration over these produces the superspace measure for the 4d term in the effective action.
where A is a (Kahler moduli dependent) prefactor, and Z = V 3 gs + i Π 3 C 3 is the instanton action. Finally, (...) neutral and O charged denote additional extra structures from additional zero modes, to be discussed next.
In the absence of additional fermion zero modes, the instanton produces superpotential terms, as suggested above. However, in general, the D2-D2 open sector can lead to additional 1 fermion zero modes, whose saturation introduces the extra structure Figure 1 : A D2-brane instanton intersects two D6-brane stacks. The fermion zero modes λ a ,λ b and bifundamental matter Φ ab live at the intersections. There is a worldsheet instanton in the disk bounded by the cycles, shaded in orange.
(...) neutral and implies that the 4d term is actually a higher F-term, see [40, 41] , also [42] . These extra fermion zero modes can be lifted by a variety of effects, including orientifold projection [24] , fluxes [42] [43] [44] , overlapping gauge branes [45] , etc. Our work is however more focused on the structure of the operator O charged , due to charged fermion zero modes from the D2-D6 open string sectors, and which is present both for superpotentials or for higher F-terms. In the D2-D6 a sector, there are I a,Π 3 net fermion zero modes in the fundamental or antifundamental representation of the 4d gauge factor U (N a ), according to the sign of the topological intersection number I a,
. Integration over these fermion zero modes typically leads to insertion of 4d charged chiral multiplets in the instanton amplitude [19] [20] [21] , see [22, 23] for reviews. Let us illustrate this in a simple example. Consider a type IIA compactification with two stacks of N D6-branes wrappings 3-cycles Π a , Π b and a D2-brane instanton wrapping a 3-cycle Π 3 such that the intersection numbers are I a,Π 3 = 1, I b,Π 3 = −1, I ab = 1. The intersections between the D2-instanton and the D6-branes produce fermion zero modes λ a in the a , andλ b in the b . There is also a bi-fundamental chiral multiplet Φ ab from strings stretching between the D6 stacks. These ingredients are coupled through a worldsheet instanton supported (and actually required for consistency, see section 3.2) in a disk bounded by these cycles, see Figure 1 , contributing to the instanton worldvolume action as
In this setup the amplitude of the D2-instantons contains a piece,
This operator breaks the anti-diagonal U (1) subgroup of the group U (N ) a × U (N ) b . In fact, this is the mechanism in which string theory manages to break perturbatively exact U (1) global symmetries from gauge U (1) made massive by Stuckelberg couplings [19] [20] [21] .
As anticipated, the focus of this paper is the derivation of O charged in the description of D-brane instantons by backreacted geometries [7, 17, 18] .
Backreacting instantons
In this section we review the description of D-brane instanton effects in terms of a backreacted geometry. The description in terms of generalized geometry was provided in [17, 18] for D3-brane instantons in type IIB CY compactifications. We review this discussion adapting the basic points to D2-brane instantons in type IIA CY compactifications, sketched in [7] . Inclusion of D6-brane sectors and the corresponding fermion zero modes will provide new results in later sections.
The effect of D-brane instantons can be encoded in the underlying CY geometry by means of a change of the SU (3) holonomy to (in general) an SU (3) × SU (3) structure, associated to the existence of two (in genreal, not covariantly constant) spinors corresponding to a 4d N = 1 supersymmetry (possibly in AdS). Focusing already in the type IIA case, the two spinors are written
here ζ + and η + are complex conjugate of ζ − , η − , and ζ + is the 4d spinor specifying the N = 1 supersymmetry, and satisfying ∇ µ ζ − = 1 2 W 0 γ µ ζ + , where W 0 is the superpotential at the AdS minimum, and W 0 = 0 for the Minkowski case.
The spinors η (1, 2) can be used to define two polyforms,
From the chirality of the spinors in the sandwich, the polyform Ψ + contains even degree forms and Ψ − contains odd degree forms. The following notation is also often used (for type IIA) Ψ 1 = Ψ − and Ψ 2 = Ψ + . The familiar case of SU (3) structure corresponds to η (2) ∼ η (1) and leads to Ψ + ∼ e iJ and Ψ − ∼ Ω. For SU (3) holonomy the spinors are covariantly constant and the polyforms are closed. The compactification ansatz is
The 10d fields can be organized in complex quantities, in agreement with the 4d susy structure. The two holomorphic quantities are given by
where Φ is the 10d dilaton, and ∆C describes the RR backgrounds not encoded in the background fluxesF . The definitions (2.7) are motivated because they provide the calibration for certain BPS objects. More concretely, in type IIA Z calibrates even-dimensional cycles, which define BPS D-brane domain walls; while T calibrates odd-dimensional cycles, which define BPS D-brane instantons.
As discussed in [7, 17, 18] the backreaction of the D-brane instanton is encoded in a modification of the exterior derivative of the quantities Z or T , in type IIB or type IIA respectively. Let us focus on the simplest instance of D2-brane instantons in type IIA compactifications.
Consider type IIA compactified on a CY X 6 , and an instanton given by a D2-brane wrapped on a 3-cycle Π 3 . For convenience we consider its dual 3-cycleΠ 3 , and denote their Poincare dual classes by β 3 = δ 3 (Π 3 ) and its dualβ 3 = δ 3 (Π 3 ).
The equation determining the backreaction effect of the D2-brane instanton is [17, 18] 
where W np is the non-perturbative superpotential. For clarity we reabsorb it into a suitable 2-form α 2 ∼ T 2 , and write
This equation encodes a change in the topology of the compactification manifold, see Figure 2 . In particular, the fact that β 3 is exact implies that the 3-cycle Π 3 has become trivial, i.e. the boundary of a 4-chain which is associated to the non-closed form α 2 . Conversely, the dual 3-formβ 3 is now non-closed, i.e. it satisfies
for someα 4 , which is therefore exact. This implies that the dual 3-cycleΠ 3 , which had intersection number one with Π 3 has now become a 3-chain, whose boundary is some 2-cycle Σ 2 , which morally corresponds to the exact formα 4 = δ 4 (Σ 2 ).
In the following section we initiate the discussion of the backreaction in the presence of additional ingredients, specifically gauge D-branes. 
Backreacting flavoured instantons
The above description accounts for the generation of non-perturbative terms for isolated instantons. This is interesting for the question of moduli stabilization, as explained in [7] . However, many applications of D-brane instanton involve instantons which intersect non-trivially the sectors of D-branes giving rise to the 4d gauge group. Such instantons generate non-perturbative field theory operators involving 4d charged matter multiplets [19] [20] [21] , (see [22, 23] for reviews), and have been proposed for the nonperturbative generation of several phenomenologically interesting field theory operators, as mentioned in the introduction.
In this paper we address the geometric description of such instantons in terms of their backreacted geometry. In this section we introduce the basic ingredients, and postpone concrete examples to the coming sections.
Consider a type IIA CY compactification, with stacks of N a D6-branes wrapped on non-trivial 3-cycles Π a . For simplicity we consider the theory without O6-planes, so that the RR tadpole condition is
Models with O6-planes can be subsequently considered, but they will not imply any further complication (at least, as long as the O6-planes do not intersect the D2-brane instantons to be introduced shortly). We leave the discussion of O6-plane models for future work 2 .
We recall from 2.1 that the gauge group of the theory is ⊗ a U (N a ) and there are I ab chiral fields in the bifundamentals ( a , b ), for all a, b.
is the topological intersection number (i.e. weighted with ±1 according to orientation) of the 3-cycles Π a , Π b . In supersymmetric intersections, these correspond to chiral multiplets; although compact models without O6-planes are necessarily non-supersymmetric, we keep the supersymmetric terminology in mind, since the ideas apply similarly when supersymmetric models are considered, either by the introduction of O6-planes or in the non-compact setups in later sections.
Brane recombination
Consider a D2-brane instanton wrapped on a non-trivial 3-cycle Π 3 . The intersection of the D6-brane 3-cycles with Π 3 leads to fermion zero modes λ in the fundamental representation of the corresponding D6-brane gauge group for positively oriented intersections, andλ in the antifundamental for intersections with negatively oriented intersections. Because of the condition (3.1), we obtain
Namely, there are equal total numbers of fermion zero modes of type λ orλ (counted with multiplicity given by the rank N of the corresponding D6-brane groups In the backreacted geometry, the D2-brane 3-cycle becomes trivial [Π 3 ] = 0, and the dual 3-cycle becomes a chain, whose boundary is a new 2-cycle Σ 2 in the backreacted geometry, ∂Π 3 = Σ 2 . Therefore ∂Π ± = ±Σ 2 in homology. This implies that the D6-brane formerly wrapped on Π + is no longer consistent, and similarly for the D6-brane wrapped on Π − ; however, their recombination formerly corresponds to the class [Π + ] + [Π − ], which does not have intersection with [Π 3 ], and therefore defined a consistent 3-cycle without boundaries in the backreacted geometry. The effect of the backreaction in the flavour D6-branes is therefore to trigger their recombination. This is depicted in Figure 3 .
The lesson generalizes easily. Given a general set of N a D6-branes on 3-cycles Π a , any 3-cycle with non-zero intersection with Π 3 becomes a 3-chain with boundary 
) Σ 2 in homology in the backreacted geometry. The condition (3.2), then implies that the different 3-chains can recombine into a 3-cycle (possibly with several components) without boundary. The effect of the instanton backreaction on the flavour D6-branes is to recombine them into sets defining consistent 3-cycles in the backreacted geometry.
In general, there may be several inequivalent topologically consistent ways to recombine the different D6-brane stacks. This will be discussed in section 3.3.
Saturation of charged fermion zero modes revisited
In the following we move on to the next question, namely the appearance of the charged chiral multiplet insertions in the instanton amplitude. In the open string perspective of section 2.1, this arises from the saturation of fermion zero modes via couplings arising from worldsheet instantons. As these worldsheet instantons extend away from the instanton locus, we expect them to continue playing a role in the appearance of the field theory operator in the backreacted picture. Indeed we now show that the backreacted configuration necessarily contains euclidean fundamental strings producing the relevant charged field insertions.
For that purpose it is useful to develop a spacetime perspective on the appearance of worldsheet instantons in the presence of the D2-brane instanton. In string compactifications, we are used to think about worldsheet instantons as possible contributions over which one has to sum to obtain a complete quantum amplitude. Namely, we sum contributions from processes with one instanton, two instantons... or none. In other words, the worldsheet instantons may be present or not, and their number is arbitrary, or rather is a quantity over which we should sum. In the presence of a D2-brane instanton, on the other hand, the argument about saturating charged fermion zero modes implies that the presence of the D2-brane requires specific patterns of euclidean worldsheets to be simultaneously present.
There is a simple explanation for this from the spacetime perspective, which to our knowledge has not appeared in the literature. In short, the flux sourced by the presence of the D2-brane produces a Freed-Witten (FW) 3 anomaly on the D6-branes, which forces them to expel a semi-infinite euclidean worldsheet; similarly, the flux sourced by the D6-branes produces a FW anomaly on the D2-brane, forcing them to expel a semiinfinite euclidean worldsheet. Finally, when the D6-branes meet at the intersection point, the euclidean worldsheet can connect with an open string worldsheet escaping to infinity in the 4d spacetime.
In more detail, consider type IIA in flat 10d spacetime and a configuration of an infinite D6-brane along the directions 0123456 and an infinite D2-brane along the directions 789. This choice of directions leads to a non-supersymmetric intersection, but captures the essential topology which holds also in the supersymmetric case, as the interested reader can easily check.
The D6-brane is a source of RR 2-form field strength, with
where we use the notation δ(
. Let us consider the integrated flux 89 F 2 and its change along the direction x 7 . The above equation implies that it jumps from e.g. zero at x 7 < 0 to one flux unit at x 7 > 0. Since the D2-brane is wrapped on 789, at x 7 > 0 there is a non-trivial flux of F 2 over the D2-brane worldvolume. This leads to a Freed-Witten inconsistency, which must be solved by the emission of a semiinfinite fundamental string with worldsheet along a curve on the 89 plane and the semi-infinite direction x 7 > 0. This string should not be present at x 7 < 0, where no F 2 flux and so no FW anomaly is induced on the D2-brane. This is indeed the case because the worldsheet is forced to end on the D6-brane, by the converse FW effect. Namely, the D2-brane is a source of RR 6-form field strength, with
We can argue as above using the flux integral of F 6 along 012356, which jumps as we move from x 4 < 0 to x 4 > 0, to obtain a FW anomaly forcing the D6-brane to expel a fundamental string with worldsheet along a curve in 012356 and x 4 = 0. The worldsheets emitted by the D2-and the D6-brane can nicely combine in a corner near the D2-D6 intersection point, see Figure 4 . Finally, worldsheets ending on different D6-branes and approaching a D6-D6 intersection escape off to infinity, thus describing the insection of charged 4d matter fields. This spacetime picture allows to provide a derivation of the structure of worldsheet instantons in the backreacted geometry. The key point is that the instanton backreaction produces not only a change in the geometry, but also produces a (sourceless) RR 6-form F 6 field string flux, which forces the (recombined) D6-branes to emit fundamental string worldsheets, which imply the emission of chiral multiplets supported at D6-brane intersections.
More concretely, in the original geometry the source equation for F 6 is
where δ 4 (x) is a bump 4-form around the location of the instanton in 4d spacetime. Recalling the discussion following (2.8), in the backreacted geometry we have
where Σ 4 is the 4-cycle dual to the 2-cycle Σ 2 defined by ∂Π 3 = Σ 2 . For any D6-brane wrapped on a 3-cycle Π intersecting Π 3 in the original geometry, Π =Π 3 + . . ., and Π acquires a boundary Σ 2 in the backreacted geometry. Focusing on a local neighbourhood of this boundary, we have Π = Σ 2 × R + . Integrating F 6 over the 4d spacetime times Σ 2 gives
This shows that a D6-brane wrapped on Π has a FW anomaly, and must expel a fundamental string. The argument about the structure of worldsheet instantons and emission of charged chiral multiplets at D6-brane intersections follows as in the earlier open string description. The fact that the D2-brane instanton intersecting the D6-branes is forced by FW to expel charged matter fields in open string sectors fits nicely with the M-theory description of such instantons. The D2-brane instanton lifts to an euclidean M2-brane wrapped on a 3-chain with boundaries; the existence of boundaries is the M-theory version of the FW inconsistency of the D2-brane, and closing the boundaries with M2-branes wrapped on certain 2-cycles is the M-theory version of the emission of massless open strings in type IIA.
Multiple intersections and non-abelian case
Configurations with multiple intersections can be discussed similarly. We sketch their description emphasizing the novel features that may arise.
In this section we consider certain novel features arising when the D2-brane is intersected by multiple D6-branes with intersection numbers +1 (and the same number with intersection number −1).
For simplicity we consider the abelian case, in which all the D6-branes intersecting the D2-brane instanton have N = 1, i.e. U (1) gauge factor (for which the fundamental or antifundamental translate into ±1 charges); we comment on the non-abelian case later on.
A preliminary remark is that by the FW arguments, each D6-brane crossing with the D2-brane leads to the emission/absorption of a fundamental string worldsheet, according to the orientation of the intersection. The fact that the number of intersections with positive and negative intersection are equal ensures that all such fundamental string worldsheets close onto each other providing consistent worldsheet instantons (leading to emission of an appropriate set of open string fields at D6-brane intersections). Thus in the presence of the D2-brane instanton, all such worldsheet instantons are necessarily present. In general, the geometry of the worldsheet instanton can lead to insertions of different numbers of charged multiplets. Given that each fundamental string involves two corners at D2-D6 intersections with opposite orientations, it is easy to convince oneself that, after the instanton backreaction and D6-brane recombination, the structure of worldsheet instantons required by the FW consistency conditions reproduces the saturation of fermion zero modes in the open string description. For instance, consider the example in Figure 5 (a). The configuration produces fermion zero modes λ i ,λ i , for i = 1, 2, and the following couplings in the instanton worldvolume action
where the coefficients c 1 , c 2 encode the worldsheet instanton amplitude, and the remaining notation is hopefully clear. Saturating fermion zero modes leads to the field theory operator in the D2-brane instanton amplitude
Here and in what follows, we introduce the parentheses notation. It is irrelevant in the present abelian case, but is used as a reminder of the index structure relevant in the non-abelian case (e.g if each D6-brane is promoted to a stack, the field theory operator has the structure det Φ 1 det(Φ 2 Φ 3 ), with color index contraction in the operator Φ 2 Φ 3 ). The same result is recovered in the backreacted geometry. The operator (3.10) arises from standard worldsheet instanton amplitude, taking into account that the FW consistency due to the flux in the backreacted configuration demands the simultaneous presence of worldsheet instantons on all (recombined) D6-branes. In the instanton backreaction picture they are described by two possible ways to recombine the D6-branes, sketched in figures (c) and (d). In the latter, the two pieces of D-branes on both sides of the cut are actually connected on the whole 3-cycle.
One novelty is the possibility of several inequivalent ways of recombining branes. Consider for instance the example in Figure 6 . In the open string description, the fermion zero mode couplings on the D2-brane worldvolume action are
where we omit the coefficients, and where the notation is hopefully clear. There are two different ways to saturate the fermion zero modes, which are depicted in Figures 6 (a) and (b). The resulting field theory operator in the D2-brane instanton amplitude is
In the backreaction picture, the appearance of two possible terms arises because, in the backreacted geometry there are two inequivalent ways to recombine the flavour D6-branes, so we should sum over both possibilities. Therefore the complete amplitude is a sum over different geometric configurations of D6-branes. On top of the relative coefficients for each amplitude (which we recall have been omitted above), a proper explanation of the relative sign between the two contributions would require further microscopic understanding about the sum over such geometries. We leave this as an open question, and simply learn the thumb rule that the D6-brane boundaries behave as Grassman objects, such that their exchange in recombination processes leads to extra signs.
The generalization to larger numbers of intersections is straightforward, and is left as an exercise to the reader.
The above local picture of the recombination of two pairs of half D6-branes is the basic ingredient in other global configurations. For instance, the two incoming half D6-branes may actually belong to the same D6-brane stack, which thus has intersection number 2 with the D2-brane. The above analysis therefore provides the description of setups with multiple intersection numbers.
Also, it encodes the description of non-abelian case. For instance, consider the configuration when the two incoming D6-branes are coincident and so are the two outgoing D6-branes. We have two U (2) stacks of D6-branes intersecting the D2-brane with intersection number ±1 respectively. Each pair of fermion zero modes forms a doublet under the corresponding U (2), and the four different charged chiral multiplets Φ 1 , . . . , Φ 4 form a bi-fundamental Φ ab . The matrix structure in (3.11) encapsulates the U (2) 2 indices, and (taking into account the coefficients of the worldsheet instantons are equal for coincident branes) the expression (3.12) becomes det(Φ ab ). The above argument instructs us that, in the geometric description by the instanton backreaction, the non-abelian case requires a sum over possible recombination patterns, weighted by the relative sign upon exchange of boundaries.
We put these ideas to work in a large class of explicit models in the next section.
Instanton backreaction and geometric transitions in dimers
In this section we present a large number of explicit examples of the above ideas, in the setup of local models related to systems of D3-branes at toric singularities, or rather, their type IIA mirror duals. The set of supersymmetric D-branes, the structure of of the chiral multiplets in open string sectors, and the worldsheet superpotential couplings are nicely encoded in a graph, the dimer diagram, to be reviewed shortly. The same diagram can be used to encode the set of fermion zero modes and the instanton worldvolume couplings on D-brane instantons. Moreover, there is a systematic way to construct the type IIA mirror in which we recover a picture of D6-branes and D2-brane instantons, in which we can flesh out the proposal of instanton backreaction in the previous sections.
Overview of dimers
In this Section we review some background material on dimer diagrams as a tool to describe systems of D3-branes at toric singularities.
Quiver gauge theories and dimer diagrams
The gauge theory of type IIB D3-branes probing toric CY threefold singularities is given by a bunch of unitary gauge factors, bi-fundamental chiral multiplets, and a superpotential. The structure of these gauge theories, and many properties of the underlying D-brane system, are nicely encoded in a dimer diagram, see e.g. [49, 50] , and [51] for a review. A dimer diagram is a tiling of T 2 defined by a bipartite graph (i.e. with black and white nodes, such that no edges connect nodes of the same color). Faces in the dimer diagram correspond to gauge factors in the field theory, edges describe bi-fundamental fields, and nodes provide superpotential terms. The bipartite character of the diagram is important in that it defines an orientation for edges (e.g. from black to white nodes), which determines the chirality of the bi-fundamental fields. Also, the color of a node determines the sign of the corresponding superpotential term. Several well-known examples are described in the examples later on.
We will be interested in the type IIA mirror configuration to the D3-brane systems, which can be constructed as follows [52] . The mirror geometry is specified by a double fibration over the complex plane W given by
with w, z ∈ C * and u, v ∈ C. Here P (z, w) is the Newton polynomial of the toric diagram of M, but this description is not necessary for our purposes.
The surface W = P (z, w) describes a genus g Riemann surface Σ W with punctures, fibered over W (the genus g equals the number of internal points of the toric diagram). The fiber over W = 0, denoted simply Σ, corresponds to a smooth Riemann surface which can be thought of as a thickening of the web diagram [53] [54] [55] dual to the toric diagram, see Figure 7 . As discussed later on, it is easily constructed from the dimer.
At critical points W = W * , a cycle in Σ W degenerates and pinches off. Also, at W = 0 the S 1 in W = uv degenerates. One can use these degenerations to construct non-trivial 3-cycles in the mirror geometry as follows. Consider the segment in the Wplane which joins W = 0 with one of the critical points W = W * , and fiber over it the S 1 in W = uv times the 1-cycle in Σ W degenerating at W = W * , see Figure 8 . The result is a 3-cycle with an S 3 topology. Mirror symmetry specifies that the different gauge factors on the D3-branes in the original singularity arise from D6-branes wrapping these different 3-cycles. The basic geometry of the 3-cycles is encoded in the structure of the 1-cycles in the punctured Riemann surface Σ.
Such D6-branes reproduce also the chiral matter and superpotential couplings, as follows. The 3-cycles on which the D6-branes wrap intersect over W = 0, precisely at the intersection points of the 1-cycles in Σ W =0 . Open strings at such intersections lead
Cycle in Σ W Figure 8 : Construction of 3-cycles in the mirror geometry. One of the two fibers degenerates at each point (W = 0, W = W * ). These together with the segment between the two points result in a 3-cycle with S 3 topology. to the chiral bi-fundamental fields. Moreover, disks in Σ bounded by pieces of different 1-cycles lead to superpotential terms generated by world-sheet instantons. The Riemann surface Σ and these 1-cycles can be systematically constructed from the dimer diagram of the gauge theory, as follows. Given a dimer diagram, one can define zig-zag paths [56] , as paths composed of edges, and which turn maximally to the right at e.g. black nodes and maximally to the left at white nodes. They can be conveniently shown as oriented lines that cross once at each edge and turn at each vertex, as shown in Figure 9a for an illustrative example. Notice that the two zig-zag paths at each edge must have opposite orientations. The winding numbers of the paths along the two basis cycles of the T 2 define the (p, q) labels of the external legs in the web diagram for the singularity. The Riemann surface Σ can be regarded as a thickening of this web diagram into a genus g surface.
As shown in [52] , the zig-zag paths of the dimer diagram associated to D3-branes at a singularity lead to a tiling of the Riemann surface Σ in the mirror geometry. Specif-ically, each zig-zag path encloses a face of the tiling of Σ which includes a puncture, and the (p, q) charge of the associated leg in the web diagram is the (p, q) homology charge of the zig-zag path in the T 2 . See for example Figures 9a and 9c. The dimer diagram moreover encodes the 1-cycles in the mirror Riemann surface, associated to the different gauge factors in the gauge theory. They are essentially given by zig-zag paths of the tiling of Σ itself! This description allows to easily classify supersymmetric wrapped branes (either gauge D-branes or D-brane instantons) in toric singularities and their mirrors, as extensively exploited in the next sections.
Instantons at singularities and dimer diagrams
Dimer diagrams are extraordinary tools to characterize the holomorphic properties of supersymmetric D-branes in local toric CY threefolds, and even closely related nontoric geometries. A particular example of the latter is the description of geometric transitions by complex deformations in [57, 58] , which we revisit in section 5.
Dimer diagrams can be exploited to describe systems of D-brane instantons in configurations with gauge D-branes. As already noticed in e.g. [59] (see also [36] for related analysis in orbifold singularities), the dimer diagram diagram encodes the content of instanton charged fermion zero modes and their couplings to the 4d chiral multiplets in the gauge D-branes 4 . In short, instantons are associated to faces in the dimer, whose edges correspond to fermion zero modes charged under neighbouring objects, and nodes involving those edges describe the fermion zero mode couplings. This picture again becomes more physical in the mirror configuration: as the gauge Dbranes in the dimer turn into D6-branes wrapped on 3-cycles (characterized in terms of 1-cycles in the mirror Riemann surface Σ), the D-brane instantons turn into D2-branes wrapped on the 3-cycles associated to the corresponding faces (and defined in terms of 1-cycles in Σ). Disks defining worldsheet instantons bounded by D6-and D2-branes now define fermion zero mode couplings, while those bounded by D6-branes only still define superpotential terms. The open string description of the system is thus encoded in a set of gauge and instanton 1-cycles on Σ.
In this section, we take one further step and describe the backreaction of these D2-brane instantons, in terms of simple graph operations in the mirror picture. This provides a fairly explicit description of the system after the backreaction, as described in previous sections. In particular, including the explicit D6-brane recombination, and the appearance of the 4d superpotential in terms of purely worldsheet instanton effects in the backreacted geometry. The results nicely agree with the open string analysis, as we show in several explicit examples.
Before describing the detailed recipe and the examples, we would like to note certain points:
• We are considering non-compact intersecting D6-brane systems [64] , in which cancellation of charges whose fluxlines can escape to infinity should not be required. However, one should still impose cancellation of RR tadpoles in local homolog; this amounts to requiring that the total homology class of the gauge D-branes should have zero intersection with any compact 3-cycle in the geometry. As is familiar, the condition is equivalent to the cancellation of gauge anomalies for all nodes in the quiver, including the empty ones. For nodes actually occupied by instantons, this condition corresponds to matching the number of fermion zero modes of type λ with the number of those of typeλ, as in the compact case.
• Since we have no orientifold planes, there are additional neutral fermion zero modes and the instantons in general do not contribute to the superpotential. We are however focusing our attention to the generation of charged field theory operators, which occurs even for instantons that generate higher F-terms. In any event, the lessons learnt in this case will apply in any setup in which the extra fermion zero modes are absent, either by removal by orientifold projection, or by other lifting mechanisms.
• For simplicity we consider the case where there are no gauge D-branes on top of the cycle wrapped by the D-brane instantons. Similar conclusions hold in the alternative case, in which the D-brane instantons are related to gauge instantons. One particular instance is related to the discussion of complex deformations in section 5, where the D2-brane instantons whose backreaction produces a complex deformation of the geometry are of the same kind as the gauge instantons on deformation fractional branes in the sense of [57, 65] .
We start our analysis with compact D2-brane instantons, in the presence of compact D6-branes. The analysis with non-compact D6-branes (mirror to D7-branes) is similar and we do not include it explicitly in the present work. Finally we discuss non-compact D2-brane instantons (mirror to non-compact D3-brane instantons).
The recipe for backreaction
In this section we present our prescription to find the geometry after the backreaction of an instanton placed in a dimer model. As described above, the configuration is encoded in a tiling of the mirror Riemann surface Σ, whose zig-zag paths (i.e. faces in the original dimer diagram) correspond to either D2-brane instantons or gauge D6-branes.
For simplicity, we consider starting with the case of a single instanton, namely one 1-cycle, which defines the instanton 3-cycle Π 3 . We also consider the abelian case, and introduce precisely one D6-brane in the remaining cycles. The backreacted configuration can be generated with very simple steps on this graph:
• Step 1. Cut: Since the 3-cycle Π 3 wrapped by the instanton should disappear from the geometry, we cut Σ by removing a small string around the instanton 1-cycle. After cutting off the strip, each of the two boundaries of Σ should be identified to a point. Any 1-cycle intersecting the cut is split, and turns into a chain with boundary points, weighted by signs according to the orientation of the original intersection; this reproduces the fact that any 3-cycle intersecting Π 3 turns into a 3-chain in the backreacted geometry. These 1-chains will be glued in the next step.
• Step 2. Recombine: Since Π 3 is compact in the original geometry, there is an equal number of positive and negative orientation intersections with the whole set of D6-branes. At the level of Σ, this implies that on each side of the cut, there is an equal number of incoming and outgoing 1-chains. The recipe amounts to matching opposite orientation pieces to define recombined 1-cycles.
Most importantly, the recombination should be carried out without crossing edges of the underlying tiling of Σ, see examples later on. Remarkably, such matchings are unambiguous as a consequence of the bipartite nature of the dimer diagram, as manifest in the examples below.
• Step 3. Field theory operators: The above two steps already define the backreacted geometry. This last step merely establishes that the 4d non-perturbative field theory operator induced by the original D2-brane instanton is easily readable as a worldsheet instanton in the backreacted geometry, bounded by the recombined D6-branes. These are easily found by picking out disks bounded by recombined 1-cycles (and the cut, which recall is regarded as shrunk to a point); the coupling involves the chiral multiplets associated to possible D6-brane intersections still present after recombination.
Similar recipes apply to the case of multiple instantons, see section 4.6.
Explicit examples
We now turn to consider several examples of D-brane instanton backreactions. We point out that they can be classified in two broad classes.
• The first corresponds to cases in which the resulting geometric transition is (the mirror of) the complex deformation of the initial toric singularity. This occurs precisely when the D-brane instanton wraps the same nodes as the deformation fractional branes in the sense of [57, 65] , namely the fractional branes triggering duality cascades ending in smooth complex deformed geometries, generalizing the Klebanov-Strassler throat [66] . The complex deformations are associated to splittings of the web diagram into subwebs in equilibrium (i.e. whose external legs have (p, q) labels adding up to zero); therefore, the 1-cycle defined by the instantons (or deformation fractional branes) are homologically trivial in Σ, which ends up split in several components.
• The second class correspond to the more generic situation in which the backreacted geometry does not correspond to a complex deformation of the original configuration. Nevertheless, the proposed recipe to obtain the backreacted geometry applies to more general cases, as we show in explicit examples as well. In these cases, the 1-cycle corresponding to the instanton surrounds a set of punctures corresponding to web diagram external legs whose (p, q) labels do not add up to zero; in these circumstances the topology does not admit a consistent split, which signals that the 1-cycle is homologically non-trivial in Σ. This agrees with the fact that there is no complex deformation associated to the backreaction. An implication is that the resulting geometries are non-CY (since in the IIB language we are growing 3-cycles despite the absence of CY complex deformation). We recall that this poses no problem with supersymmetry, since the framework is that of generalized geometries, as described in section 2.2.
The conifold
We now describe a simple example, which illustrates mainly steps 1 and 2. Consider a system of D-branes at a conifold singularity. In Figures 10a, 10b, 10c and 10d we display the dimer diagram, the quiver diagram, the web diagram, and the mirror Riemann surface, a sphere with four punctures, respectively.
As explained, the cycles corresponding to the two nodes of the quiver (faces of the dimer diagram) are given by zig-zag paths of the tiling of Σ, as shown in blue and red in Figure 11a .
Let us put one D6-brane in the red 1-cycle (abusing language, as it actually denotes a 3-cycle) and a D2-brane instanton on the blue 1-cycle. In the open string description, the arrows in the quiver (edges in the dimer) correspond to two fermion zero modes of type λ and twoλ, with quartic couplings (essentially, as in the conifold superpotential), which allow to saturate them. The instanton amplitude therefore reduces to the instanton exponential, with no field theory operator (as expected, since there are no charged chiral multiplets in the theory). Let us turn to the description of the system in terms of the instanton backreaction, and let us describe it using our recipe for the Riemann surface picture. According to step 1, we cut the sphere along the blue line, splitting the red 1-cycle at four points (two with each orientation). We recombine such pieces according to step 2, resulting in the picture in Figure 11b .
Concerning step 3, there are two worldsheet instantons, which are obtained by certain recombination of the original disks. They however do not involve any chiral multiplets (as there is none left). This is actually the required result, since the nonperturbative contribution by the original D-brane instanton should include no fieldtheoretical operator, just the instanton exponential.
In Fig. 11d we see that, in fact, the deformed geometry corresponds to the complex deformation of the conifold [66] , agreeing with the fact that the two punctures in each daughter Riemann surface correspond to sub-webs in equilibrium [57] . In the next section we will see that this is only the case whenever the D-brane instantons introduced match the corresponding fractional brane triggering the complex deformation. In other cases, the backreacted geometry does not correspond to a CY deformation.
Finally let us mention one feature of our recipe. Since it is based on the graphical properties of the tiling of the mirror Riemann surface, with all 1-cycles present, the recipe provides an accurate description of instantons in the presence of D-branes in all nodes (at least, all nodes other than those occupied by the instanton). This will become more clear in richer examples in the next sections.
Double Conifold
Let us now turn to a slightly more involved example, to illustrate in more detail step 3, since we will obtain a non-trivial superpotential. Consider a system of branes in The four cycles in Σ corresponding to the quiver nodes are shown in Fig. 12b . Let us put 3 D6-branes, one in each cycle but the blue one, and a D2-brane instanton in the blue cycle. The bifundamental matter fields charged under the"would-be-D6-brane" of node 1 become now fermion zero modes λ 12 , λ 13 ,λ 21 ,λ 31 , see Fig. 12a . These have couplings given by the worldsheet instantons stretching from the D2-instanton to the D6's. As shown in Fig. 12b , these couplings are : 
where the ∼ indicates that we are omitting coefficients for these couplings. These couplings can be used to saturate the zero modes, and there is only one way of doing so, yielding the following 4d non-perturbative field theory operator,
where recall that parenthesis indicate determinants when promoting to the non-abelian case.
Let us now consider the description of the instanton in the backreaction picture. According to step 1 of our recipe, the cycle wrapped by the instanton shrinks to a point, and this splits Σ into two pieces and splits the D6-brane 1-cycles. In step 2, the latter are recombined, as shown in Fig. 12c . Finally, step 3 instructs us to use worldsheet instantons on disks in the backreacted geometry, shaded in the Figure, to obtain the 4d field theory operator, which indeed reproduces (4.4).
Incidentally, we note that the remaining geometry is just the conifold. Indeed this coincides with the removal of punctures D and B, which corresponds to a subweb in equilibrium and, thus, to a complex deformation. This agrees with the fact that node 1, in which the instanton sits, actually corresponds to a deformation fractional brane in the sense of [57, 65] , as we develop in section 5.
A dP 0 example
So far all examples have secretly been related to complex deformations, in that the instanton occupies the node of deformation fractional branes, in the sense of [57, 65] (namely, the total 1-cycle class surrounds the punctures associated to a subweb in equilibrium in the web diagram), as we discuss in more detail in section 5 . However, our recipe applies to arbitrary instantons, and to illustrate this more generic situation, we now study the case of the C 3 /Z 3 orbifold, also known as the dP 0 quiver theory. The dimer diagram of this theory, its quiver diagram and its web diagram are shown in Fig. 13 . Incidentally (as in all models whose web diagram has exactly one internal face), the mirror Riemann surface tiling coincides with the dimer diagram.
Consider putting one D6-brane in each of the dimer diagram faces 2 and 3, and a D- brane instanton in 1. The quiver diagram is shown in Fig. 14a , while the mirror picture is depicted in Fig. 14b . There are charged fermion zero modes λ 
The resulting field theory operator has the structure O charged = (X ). Let us now turn to the backreaction description. Note that we have chosen a basis for the unit cell that shows the instanton cycle and worldsheet instantons more easily. Applying steps 1 and 2 one finds that the Riemann surface tiling after the backreaction looks as shown in 14c. Unlike in the previous examples, the surface is not split, but merely changed by decreasing its genus by 1, in a fashion similar to Fig. 3 . This is a general feature in backreaction of instantons not associated to complex deformations, as explained in section 5.
Concerning step 3, as the branes recombine, the sets of three original worldsheet instantons of each kind merge to one, thus giving rise to the following operator, 6) which indeed coincides with the superpotential obtained by saturating the fermion zero modes of the D-brane instanton. Again, the D-brane instanton disappears but the geometry and the worldsheet instantons reproduce the same field theory operator.
An F 0 example
Let us give one further simple example, based on D-branes at a complex cone over F 0 . In Fig. 15 we provide the dimer diagram for the F 0 theory, together with the quiver diagram and the web diagram. Incidentally, the tiling of the mirror Riemann surface coincides with the dimer diagram. From the web diagram one sees that this geometry admits a complex deformation by the removal of the legs A and C, which form a subweb in equilibrium. As we will see in the next section, to reproduce this complex deformation, which implies the removal of two faces in Σ, two instantons are needed.
Let us instead study the system with a single D-brane instanton in node 1, and one gauge D-brane in each of the nodes 2, 3 and 4. The quiver diagram for this configuration is shown in Fig. 16a . There are four chiral matter multiplets and 4 fermion zero modes λ The resulting field theory operator has the structure
with, as usual, parenthesis denoting determinants when promoting to the non-abelian case.
Let us now turn to the description from the backreaction perspective. Following steps 1 and 2, the Riemann surface Σ is cut, and the gauge D-brane 1-cycle recombine as shown in Fig. 16c . Finally, step 3 tells us that the field theory operator can be read off from the remaining worldsheet instantons, which give a contribution in agreement with (4.8) . Notice that the complete amplitude contains the sum over two worldsheet instantons, located on either side of the instanton line, which differ in orientation (hence the relative sign) and in the pairing of fields by recombination bridges (hence the change in parenthesis structures). Fields living in intersections connected by a brane, rather Figure 17 : Backreaction of a non-compact instanton. In a) two zig-zag paths corresonding to branes are shown in red and green, with a non-compact D2-brane instanton in blue. In b) the instanton has backreacted and the branes recombined; worldsheet instantons are shown shaded in yellow.
than a recombined brane (black dashed line), yield a determinant in the non-abelian case (arising from a sum over recombination possibilities, as discussed in section 3.3.
Note that, like in the dP 0 case, the backreaction has not split Σ in two, but rather reduced its genus, in agreement with our earlier spoiler about instantons not describing complex deformations, see 5 for additional details.
Non-compact instantons
Let us makes one small aside to point out that the description provided can be exploited also for instantons wrapped on non-compact cycles, namely D3-brane instantons on non-compact 4-cycles passing through the singular point in the type IIB picture [67] . Following [68] in the type IIA mirror, we have D2-brane instantons on non-compact 3-cycles which on the mirror Riemann surface correspond to 1-cycles stretching between two punctures. As discussed in the references, there is one such non-compact cycle for each bi-fundamental chiral multiplet X ab in the gauge theory, such that the D2 a -D6 and D6-D2 b open string sectors give fermion zero modes λ a andλ b , with couplings
This arises from worldsheet instantons, see Figure 17a . Thus, integration over these fermion zero modes gives 4d field theory operators with the structure det(X ab ). This structure is easily reproduced in terms of the backreaction picture, by the same steps as in earlier sections: The Riemann surface is cut along the (non-compact) D2-brane instanton 1-cycle, and the D6-brane 1-cycles are duly recombined, and define the necessary worldsheet instantons to produce the field theory operators. The result is shown in Figure 17b 
Multiple instantons
All the examples given in the previous section correspond to systems with the D-brane instanton in a single node. In this section we consider the more general possibility of effects of multiple instantons occupying several nodes in the quiver diagram.
To be precise, we consider the effects of the simultaneous presence of various instantons; this can be regarded as the effect of an instanton on the combined class, but it is better described as a multi-instanton effect, in the sense of [41, 69] . We will show that, although the system contains novel features in the open string description, like the presence of fermion zero modes stretching between pairs of instantons, the final result is nicely captured by the backreaction picture using the same recipe as in earlier examples.
The novel features in the open string description are the appearance of sectors of open string with both endpoints on the D2-brane instantons, which yield zero modes of the multi-instanton configuration. In these sectors, the 4d Minkowski dimensions yield NN boundary conditions, while the compactification space dimensions are similar to intersecting D6-branes (to which they are related by nominal T-duality along the 4d Minkowski directions). There is one complex bosonic zero mode, and two real fermion zero modes, all in the bi-fundamental of the worldvolume groups on the D2-brane instantons. This is the equivalent to a 4d N = 1 chiral multiplet (namely, that in the T-dual D6-brane system). The couplings of this chiral multiplet of zero modes to the standard charged fermion zero modes and the actual 4d chiral multiplet can be read from the dimer diagram (or worldsheet instantons in the mirror Riemann surface), see later for explicit examples.
Finally, recall that the instanton amplitude is obtained upon integration over fermion zero modes (both in D2-D6 and D2-D2 sectors) and over bosonic zero modes. Integration over bosonic zero modes in the D2-D2 sectors effectively drags us into regimes in which the instantons are bound and act as a recombined D2-brane. This will be nicely recovered in the backreacted picture, to be discussed next.. (4.10)
Note that in addition there are couplings e.g. between the bosonic zero modes determining the D2-brane positions in 4d spacetime and the zero modes in the D2- (c) Figure 18 : Backreaction due to a 2-instanton process in the F 0 theory. Figure a) shows the quiver, with black arrows denoting 4d chiral multiplets, blue arrows denoting charged D2-D6 fermion zero modes, and blue arrows denoting chiral multiplets of D2-D2 zero modes. Figure b) shows the mirror Riemann surface Σ after the backreaction and c) shows it with the instantons recombined.
D2 sector, so that the latter become 'massive' upon separation of the instantons. As discussed in [41, 69] , the interesting multi-instanton physics arises when the two instantons are coincident and such couplings can be safely ignored. The analysis is most simply carried out by first integrating over the bosonic D2-D2 zero modes, which effectively bind the two instantons. The combined instanton inherits the D2-D6 charged zero modes, which moreover inherit the couplings from the original ones, by simply regarding the D2-D2 chiral multiplet zero modes as a numerical factor, omitted in the following.
In total, we obtain a field theory operator with the structure
where brackets signal the structure of determinants in the non-abelian case, as usual. Let us turn to the description of the multi-instanton effect in the backreaction picture. The recipe is a simple generalization of earlier ones. We take the Riemann surface and highlight the 1-cycles wrapped by the instantons, see Figure 18b . One novelty is that in order to account for the integration over D2-D2 bosonic zero modes, the intersections between the instanton must be considered as slightly recombined, see Figure 18b . We must cut the Riemann surface along the corresponding cycle, and recombine any D6-brane 1-cycle formerly intersecting it. As in section 4.4.4, the Riemann surface splits in two daughter surfaces, each of them with two punctures. This time, however, the punctures removed do not coincide with the complex deformation.
Step 3 provides the field theory operator produced from the worldsheet instantons after the backreaction. It is straightforward to see that the operator coincides with (4.11), as expected. 4.6.2 Two-instanton effect in dP 3 .
Let us now consider a 2-instanton example in a configuration of branes at a complex cone over dP 3 . The dimer diagram, quiver diagram, web diagram and toric diagram for the dP 3 theory are shown in Figs. 19a, 19b, 19c, 19d , respectively. As we will see in section 5.2, this theory admits several complex deformations, which can be triggered by backreaction of certain multi-instantons; in this section we however focus on a multi-instanton effect whose backreaction does not correspond to a complex deformation. We consider introducing one D2-brane instanton in each of the nodes 1 and 2. The quiver diagram, see Fig. 20a , shows fermion zero modes λ 13 , λ 23 , λ 24 ,λ 61 ,λ 62 ,λ 51 , a chiral multiplet worth of zero modes Φ 12 and matter fields X 34 , X 45 , X 56 , X 35 , X 46 . The fermion zero modes have the following couplings
Repeating the arguments of the previous examples about the treatment of D2-D2 zero modes, and saturating the charged D2-D6 fermion zero modes, we obtain the following 4d field theory operator structure
where brackets indicate sets promoting to determinants in the non-abelian case, as usual. This structure is easily recovered in the backreaction picture, see Figures 20c and 20e. Note that in order to enforce that the total homology class becomes trivial (rather than both individual classes, we have recombined the instantons at their intersections (in the only way consistent with their orientation), yielding a combined 1-cycle along which to cut Σ. This effectively reproduces the integration over the D2-D2 bosonic zero mode. 
Relation to complex deformations
Generalities
Some toric geometries admit complex deformations, the canonical example being the the complex deformation of the conifold. The complex deformations a given toric geometry admits can be seen from its web diagram. They are defined by the removal of a collection of legs whose (p, q) labels sums to zero, also dubbed subweb in equilibrium [57] . Concrete examples are the complex deformations of the conifold, the double conifold. There are richer situations, in which a given singularity admits several (incompatible) complex deformations. For instance, the complex cone over dP 3 admits two complex deformation, as shown in Fig. 23 .
Geometric transitions corresponding to complex deformations have appeared in the context of warped throats triggered by deformation fractional branes, in the sense of [57, 65] . These correspond to anomaly-free rank assignments in the quiver diagram, which have the property that the total 1-cycle they define in the mirror Riemann surface surrounds the punctures corresponding to the sub-web in equilibrium. The geometric transition removes the corresponding cycle and seals the Riemann surface, in a combinatorial dimer prescription described in [58] .
It is natural to wonder what happens if we consider D2-brane instantons on the same cycle that corresponds to a given deformation fractional brane, i.e. a complex deformation. In fact this already occurred in the examples in sections 4.4.1 and 4.4.2, with the result that the backreacted geometry is the (mirror of the) complex deformation of the initial geometry. In this section we provide further examples showing that this is a general behaviour.
Examples
As just explained, some of the examples already considered provide realizations that instantons on classes corresponding to deformation fractional branes produce backreacted geometries given by the complex deformation of the original space. We now provide further examples, based on chiral quivers.
Complex Deformation of cone over F 0
Let us start with F 0 , whose dimer diagram unit cell, quiver diagram and web diagram are shown in Fig. 15 . This geometry admits a complex deformation given by the splitting of the web diagram into two subwebs in equilibrium, one with external legs A, B and the other with C and D. At the level of deformation fractional branes, this complex deformation is triggered by increasing the rank of the quiver nodes 1 and 3 simultaneously (equivalently, recalling that the sum of all nodes is topologically trivial in compact homology, of nodes 2 and 4).
Let us consider the backreaction effect of D2-brane instantons on the corresponding class. Consider introducing one D2-brane instanton in each of the nodes 1 and 3 in the quiver, see Figure 21a . These correspond to the blue and pink 1-cycles in the mirror Riemann surface in Figure 21b . Consider now the effect of backreacting these instantons. Following step 1 in our procedure, we cut the Riemann surface along the 1-cycles defined by the D2-brane instantons, and recombine cycles following step 2. The resulting mirror Riemann surface is Figure 21c . Unlike in section 4.4.4, Σ splits in two surfaces, one with punctures A, C and the other with B, D, precisely in accordance with the complex deformation shown in Fig. 22b . We thus derive the result that the backreacted geometry is the (mirror of the) complex deformation of the original singularity.
In this case, step 3 gives no operators induced in the field theory, as the worldsheet instantons after the backreaction do not touch any brane intersection with matter. This agrees with the prediction from saturating fermion zero modes. Although we obtain agreement, it is rather trivial as no charged operator is generated; we turn to a more interesting example in the following section. 
Complex deformation of complex cone over dP 3 into a conifold
There are several different complex deformations for the complex cone over dP 3 . In this section we focus on that defined by the web diagrams splitting in Fig. 23b , by removal of the external legs B and E.
At the level of deformation fractional branes, this corresponds to locating extra branes on the nodes 1 and 4 in the quiver/dimer. This is easily shown by checking that the corresponding 1-cycle in Σ precisely surrounds the relevant punctures.
We would now like to consider the backreaction effect of D2-brane instantons on those nodes 1 and 4. The quiver diagram of this setup is shown in Fig. 24b . We see that there are fermion zero modesλ 61 ,λ 51 ,λ 34 ,λ 24 , λ 12 , λ 13 , λ 45 , λ 46 , and 4d chiral where the last term is actually a 4d coupling among chiral multiplets, which we include for completeness. Saturation of fermion zero modes produces the structure O charged ∼ (X 23 )(X 56 )(X 35 )(X 62 ) + const (5.2)
Consider now the description in terms of the instanton backreaction see Fig. 25b . Following steps 1 and 2 in our prescription, we cut along the pink and blue 1-cycles, and duly recombine the D6-brane 1-cycles. The mirror Σ will split in two Riemann surfaces, one containing the punctures B and E, and the other containing the punctures A, C, D and F. Thus it reproduces the (mirror of the) complex deformation of the original singularity. Following step 3, we consider the worldsheet instantons in the resulting geometry, shown as shaded green and yellow in the Figure. The green one does not produce any charged field theory insertion, while the pink one inserts the fields X 56 , X 62 , X 23 and X 45 ; the combination of both reproduces precisely the structure in (5.2).
Complex deformation of dP 3 into flat space
In this section we will study a second complex deformation, defined by the removal of legs B, D and F, which form a subweb in equilibrium, as shown in Fig. 23c . This corresponds to the removal of zig-zag paths with weight (-1,0) and (0,1) and (1,-1) in the dimer diagram, as shown in Fig. 26a . In turn, this implies that faces 2, 4 and 6 must be removed from the dimer (equivalently, for 1,3 and 5). In our description this translates to putting an instanton in the class defined by these three cycles, or faces of the dimer.
We thus consider the configuration with one D2-brane instanton on each of the cycles labelled 2, 4 and 6. The quiver diagram of this setup is shown in Fig. 26b . We see that there are charged fermion zero modesλ 12 where brackets indicate determinants in the non-abelian case, as usual. Let us consider the backreaction description, which is illustrated in Figure 27b upon application of steps 1 and 2 of the recipe. The mirror Riemann surface has divided in two: Σ , with punctures 1, 3 and 5 and Σ , with punctures 2, 4 and 6 in agreement with the complex deformation of the dP 3 singularity to flat space.
Step 3 of the recipe allows us to find the field theory operators induced by the WS instantons in each of the new surfaces, and one finds that they indeed agree with the above operator (5.4). Concretely, the worldsheet instanton in Σ provides the non-trivial operator involving charged fields, while the worldsheet instanton in Σ does not produce any charge field insertion.
Conclusions
In this paper we have studied the description of non-perturbative effects from D-brane instantons in 4d string compactifications with gauge D-branes, from the perspective of the geometry resulting from the instanton backreaction. This extends earlier results by including the appearance of 4d charged field operators, which arise from standard perturbative couplings, like worldsheet instantons, in the non-perturbatively backreacted geometry. Along the way we have provided a novel interpretation for the appearance of worldsheet instanton amplitudes in the presence of D2-branes instantons in compactifications with D6-branes.
We have provided a large class of examples of D-brane instanton backreaction based on (type IIA mirrors of) systems of D3-branes at toric singularities. The backreacted configuration is obtained by application of a simple set of rules on the graphs associated to the dimer diagram. This define an interesting new set of operations relating toric CY singularities with a set of generically non-CY geometries. For D2-branes on nodes associated with deformation fractional branes, the resulting geometry is still CY and corresponds to (the mirror of) complex deformations of the original singularity.
There are several interesting directions to pursue:
• The backreaction procedure is highly reminiscent of gauge/gravity dualities. It would be interesting to find particular setups where this analogy can be made more concrete (beyond the cases associated to complex deformations).
• Since our recipe is combinatoric at the level of the tiling diagrams, it may not completely capture the dynamics in configurations with arbitrary (anomaly-free) ranks in the D3-brane gauge factors.
• It would be interesting to find concrete examples in global compactifications. A related issue is the description of the backreaction of instantons for instantons in the presence of non-trivial orientifold projections.
We leave these and other interesting questions for further work.
